Affine cones over cubic surfaces are flexible in codimension one by Perepechko, Alexander
ar
X
iv
:2
00
6.
16
41
7v
1 
 [m
ath
.A
G]
  2
9 J
un
 20
20
AFFINE CONES OVER CUBIC SURFACES ARE FLEXIBLE IN
CODIMENSION ONE
ALEXANDER PEREPECHKO
Abstract. Let Y be a smooth del Pezzo surface of degree 3 polarized by a very
ample divisor that is not proportional to the anticanonical one. Then the affine cone
over Y is flexible in codimension one. Equivalently, such a cone has an open subset
with an infinitely transitive action of the special automorphism group on it.
1. Introduction
We are working over an algebraically closed field K of characteristic zero. Let X be
an affine algebraic variety over K. A point p ∈ X is called flexible if the tangent space
TpX is spanned by the tangent vectors to the orbits of actions of the additive group of
the field Ga = Ga(K) on X . The variety X is called flexible if each smooth point of X
is flexible, see [1]. All the Ga-actions on X generate the special automorphism group
SAutX ⊂ AutX .
A group G is said to act on a set S infinitely transitively if it acts transitively on the
set of ordered m-tuples of pairwise distinct points in S for any m ∈ N.
The following theorem explains the significance of the flexibility concept.
Theorem 1.1 ([1, Theorem 0.1]). Let X be an affine algebraic variety of dimension
≥ 2. Then the following conditions are equivalent:
(1) The variety X is flexible;
(2) the group SAutX acts transitively on the smooth locus Xreg of X;
(3) the group SAutX acts infinitely transitively on Xreg.
The flexibility of affine cones over del Pezzo surfaces of degree ≥ 4 corresponding
to any very ample polarization was confirmed in [2], [9], [10]. In this paper we study
flexibility of affine cones over smooth del Pezzo surfaces of degree 3.
It is shown in [4, Corollary 1.8] that the affine cone X over any plurianticanonically
polarized del Pezzo surface of degree 3 admits no Ga-action. Nevertheless, X admits
a Ga-action for any other very ample polarization, see [5]. We use constructions and
results from [5] in order to show that SAut(X) acts on X with an open orbit, see
Theorem 2.4. Then X contains an open subset of flexible points, that is, X is flexible
in codimension one, see Corollary 6.12.
In Section 2 we provide a criterion of flexibility in codimension one for affine cones,
which generalizes similar flexibility criteria in our previous articles [8] and [10]. In
Section 3 we recall generalities on cubic surfaces. In Section 4 we introduce a useful
subdivision of the effective cone. In Section 5 we recall two constructions of cylinders. In
Section 6 for each of the considered smaller cones we introduce collections of cylinders
which provide flexibility in codimension one. In order to find these collections, we
used the computer algebra system SageMath [11], especially the module for rational
polyhedral cones created by V. Braun and A. Novoseltsev.
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2. Flexibility criterion for affine cones
Here we generalise flexibility criteria for affine cones [8, Theorem 1.4] and [10, The-
orem 5]. In this section we let Y denote a normal affine variety, H a very ample
divisor on Y , and X = AffConeH(Y ) the affine cone over Y corresponding to H . By
pi : X \ {0} → Y we denote the projectivizing map.
Definition 2.1 ([6, Definition 3.1.7]). An open subset U ⊂ Y is called H-polar if the
complement Y \ U is the support of some effective Q-divisor equivalent to H over Q.
Lemma 2.2. Let U be an H-polar affine open subset of Y and S be an SAut(X)-orbit
on X. Then pi(S) ∩ U is SAut(U)-invariant.
Proof. Assume the contrary. Then there exists a Ga-action G on U that does not
preserve pi(S) ∩ U . By [8, Lemma 1.3], there exists a corresponding Ga-action Gˆ on X
trivial on X \pi−1(U) such that pi sends Gˆ-orbits to G-orbits. Thus, Gˆ does not preserve
S ∩ pi−1(U). So, Gˆ does not preserve S, a contradiction. 
Definition 2.3. Let U = {U} be a collection of open affine subsets of Y .
(1) We say that a subset Z of Y is U-invariant if for any U ∈ U the intersection
U ∩ Z is SAut(U)-invariant.
(2) We say that U is transversal if
⋃
U∈U U does not admit nontrivial U-invariant
subsets.
(3) We say that U is H-complete if for any (not necessarily effective) Q-divisor
equivalent to H its support is not contained in the complement Y \
⋃
U∈U U .
Theorem 2.4. Let U be a transversal collection of H-polar open affine subsets of a
normal affine variety Y for some very ample divisor H. Then there exists an SAut(X)-
orbit S on the corresponding affine cone X whose image contains
⋃
U∈U U . If, moreover,
U is H-complete, then S is open in X and contains the open subset pi−1(
⋃
U∈U U) ⊂ X.
Proof. Let S ⊂ X be an SAut(X)-orbit of some point x ∈ pi−1(
⋃
U∈U U). By [1,
Proposition 1.3], S is locally closed. By Lemma 2.2, the image pi(S) is U-invariant.
Since U is transversal and pi(S)∩
⋃
U∈U U ∋ pi(x) is nonempty, one has pi(S) ⊃
⋃
U∈U U .
Consider the natural Gm-action on X by homotheties. It sends SAut(X)-orbits to
SAut(X)-orbits. The subgroup Γ ⊂ Gm that sends S to itself either is finite, or equals
Gm. In the latter case S = pi
−1 ◦ pi(S) ⊃ pi−1(
⋃
U∈U U) ⊂ X. Assume the former case,
then S is not open in X .
Denote by X× the blowup of X at the origin. Then X× is the total space of the line
bundle OY (−H) over Y . Denote γ = |Γ|. The quotient X
′ = X×/Γ is the total space
of OY (−γH) given by the map t 7→ t
γ in a local coordinate t on each trivializing chart.
Thus, we have the sequence of maps
X 99K X× → X ′ → Y.
Let S ′ be the Zariski closure of the image of S in X ′. Since pi(S) is open in Y , S ′
intersects a generic fiber of X ′ → Y in a single point. Then S ′ is a rational section of
the line bundle OY (−γH). The corresponding Cartier divisor D is equivalent to γH .
Therefore, 1
γ
D is a Q-divisor equivalent to H such that its support is disjoint with
pi(S). So, U is not H-complete. This argument is essentially a generalisation of [8,
Lemma 1.2]. 
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3. Cubic surfaces
In the rest of this paper we denote by Y a del Pezzo surface of degree 3. It is obtained
by blowing up the projective plane P2 at six points p1, . . . , p6 that do not belong to the
same conic and no three of which lie on the same line, see [7, Theorem IV.2.5].
We denote by
• σ the contraction Y → P2;
• E1, . . . , E6 the (-1)-curves contracted into p1, . . . , p6 respectively;
• Li,j a line passing through pi, pj for given i, j ∈ {1, . . . , 6};
• Qi a conic passing through all the blown up points except pi for a given i ∈
{1, . . . , 6};
• L the class of the proper transform of a general line on P2;
• −K the anticanonical divisor class on Y ;
• NE(Y ) the Mori cone of numerically effective divisors; it is generated by all the
(-1)-curves in Y ;
• Ample(Y ) the ample cone; it contains all the ample divisors in its interior and
is dual to NE(Y ).
We also denote the (-1)-curves in Y , which are proper transforms of Li,j and Qi, by the
same letters. Given a Q-divisor D, we denote its divisor class by the same letter. Note
that
• Ample(Y ) ⊂ NE(Y ),
• −K ≡ 3L−
∑6
i=1Ei,
• Li,j ≡ L− Ei − Ej ,
• Qj ≡ 2L−
∑6
i=1Ei + Ej ≡ −K − L+ Ej .
4. Cones
Remark 4.1. The incidence graph of the (-1)-curves in Y is the complement of the
Schla¨fli graph. It is known to be 4-transitive, e.g. see [3]. That is, any isomorphism
between two induced subgraphs on 4 vertices can be extended to the automorphism of
the whole graph.
In particular, any ordered 4-tuple of disjoint (-1)-curves can be extended to an ordered
6-tuple of disjoint (-1)-curves, since (E1, E2, E3, E4) can be extended to (E1, . . . , E6).
The latter fails for 5-tuples: the tuple (E1, . . . , E4, L5,6) is maximal.
Definition 4.2. We denote by rel. int.(A) the relative interior of a rational polyhedral
cone A.
Given divisor classes D1, . . . , Dn ∈ PicQ(Y ), we denote the cone generated by them
by
Cone(D1, . . . , Dn) =
n∑
i=1
Q≥0Di.
Proposition 4.3. Let H be a Q-divisor class in the interior of the Mori cone of Y .
Then, up to an ordered choice of six disjoint (-1)-curves E1, . . . , E6, it belongs to the
relative interior of one of the following cones:
• B6 = Cone(−K,E1, E2, E3, E4, E5, E6);
• B5 = Cone(−K,E1, E2, E3, E4, E5);
• B′5 = Cone(−K,E1, E2, E3, E4, L−E5 − E6);
• B4 = Cone(−K,E1, E2, E3, E4);
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• B3 = Cone(−K,E1, E2, E3);
• B2 = Cone(−K,E1, E2);
• B1 = Cone(−K,E1);
• B0 = Cone(−K);
• C5 = Cone(−K,L−E6, E1, E2, E3, E4, E5);
• C ′5 = Cone(−K,L−E6, E1, E2, E3, E4, L−E5 − E6);
• C4 = Cone(−K,L−E6, E1, E2, E3, E4);
• C3 = Cone(−K,L−E6, E1, E2, E3);
• C2 = Cone(−K,L−E6, E1, E2);
• C1 = Cone(−K,L−E6, E1);
• C0 = Cone(−K,L−E6).
Proof. Consider a stellar subdivision of the Mori cone NE(Y ) along the anticanonical
ray spanned by −K. Each cone of the subdivision fan is either a face of NE(Y ) or is
generated by a face of NE(Y ) and the anticanonical ray. The former and the latter
ones are in one-to-one correspondence: the corresponding cones coincide under taking
quotient of the ambient space by 〈K〉.
Thus, a cone C that contains H in its relative interior is generated by the corre-
sponding face F of NE(Y ) and the anticanonical ray. Following [5, Section 2.1], F is
the Fujita face of H and is generated either by r disjoint (-1)-curves (type B(r) in terms
of [5]), r ≤ 6, or by 5 disjoint pairs of intersecting (-1)-curves (type C(5) in terms of
[5]).
Assume that F is of type B(r) and generated by disjoint (-1)-curves D1, . . . , Dr. By
Remark 4.1, we may assume that Di = Ei for all i ≤ min(4, r). If r ≤ 4, then the cone
C equals Br.
For r > 4, there are only three (-1)-curves disjoint with E1, . . . , E4, namely, E5, E6, L5,6.
Since one may swap E5 and E6 by a choice of order, C equals B5 or B
′
5 for r = 5. Finally,
C equals B6 for r = 6, because L5,6 intersects both E5 and E6.
Assume now that F is of type C(5) and is generated by 5 disjoint pairs of intersecting
(-1)-curves Di and D
′
i, i = 1, . . . , 5. That is, Di ·Dj = D
′
i ·D
′
j = Di ·D
′
j = 0 for i 6= j
and Di ·D
′
i = 1.
Let
H ≡ k(−K) +
5∑
i=1
(diDi + d
′
iD
′
i),
where k, d1, d
′
1, . . . , d5, d
′
5 ∈ Q>0. Without loss of generality, di− d
′
i is positive for i ≤ r
and zero for i > r, where r ∈ {0, 1, . . . , 5}.
By Remark 4.1, we may assume that Di = Ei for i ≤ 4. The only (-1)-curves disjoint
with E1, . . . , E4 are E5, E6, L5,6. Thus, the (unordered) pair {D5, D
′
5} coincides either
with {E5, L5,6} or with {E6, L5,6}. Reordering E5, E6 if necessary, we may assume the
former. We infer that D′i = L5,6 for i ≤ 4, because it is a unique (-1)-curve that meets
Ei and is disjoint with each Ej , where j 6= i, j ≤ 5. In particular, Di+D
′
i ≡ L−E6 for
all i = 1, . . . , 5. Thus,
H ≡ k(−K) +
(
5∑
i=1
d′i
)
(L− E6) +
r∑
i=1
(di − d
′
i)Di,
where all coefficients are positive, cf. [5, (2.1.4)]. In the case r ≤ 4, H ∈ rel. int.(Cr).
For r = 5, either D5 = E5 and H ∈ rel. int.(Cr), or D5 = L5,6 and H ∈ rel. int.(C
′
r). In
fact, we have a stellar subdivision of the cone C along L− E6. 
4
5. Cylinders
Definition 5.1 ([6, Definition 3.1.5]). An open subset U ⊂ Y is called a cylinder if
U ∼= A1 × Z for some smooth variety Z with Pic(Z) = 0. By fibers of U we mean
A1-fibers of the projection to Z. There is a natural Ga-action on U , whose orbits are
fibers of U .
We introduce below two known constructions of cylinders on Y .
5.2. Let i be equal to either 1 or 6. Consider two tangent lines Ti, T
′
i from pi to Qi on
P2. The pencil generated by 2Ti and Qi consists of conics tangent to Ti at p = Ti ∩Qi.
Its only base point is p.
Thus, the complement
Ui = Y \ σ
−1(Qi ∪ Ti) ∼= A
1 × A1∗
is a cylinder. Similarly, we introduce another cylinder
U ′i = Y \ σ
−1(Qi ∪ T
′
i ).
5.3. Consider the following cylinder as in [5, Example 4.1.6] and [5, Lemma 4.2.3, Case
2]. Let i, j ∈ {1, . . . , 6}, i 6= j. Let σ′ : Y → P1×P1 be the morphism contracting curves
Ek, k ∈ {1, . . . , 6} \ {i, j}, and Li,j into points p1, p2, p3, p4, pi,j respectively. Choose
coordinates on P1 × P1 so that images of Ei and Ej are curves of bidegrees (1, 0) and
(0, 1) respectively.
There exists an irreducible curveQ of bidegree (2, 1) that passes through p1, p2, p3, p4, pi,j.
One may check that Q is the image of Qi. Indeed, the proper transforms in Y of gen-
eral curves of bidegrees (1, 0) and (0, 1) are equivalent to Ei + Li,j ≡ L − Ej and
Ej + Li,j ≡ L− Ei respectively. Thus, the proper transform Q˜ of Q in Y satisfies
Q˜ · Ek = 1, k 6= i, j,
Q˜ · (L−Ej) = 1,
Q˜ · (L− Ei) = 2,
Q˜ · Q˜ = Q ·Q− 5 = −1.
There is a unique (-1)-curve on Y satisfying these relations, namely, Qi.
There are two curves T, T ′ of bidegree (0, 1) tangent to Q. Let q = T ∩Q and let R
be a curve of bidegree (1, 0) passing through q. Consider a pencil generated by Q and
by 2R + T . Its general fiber is an irreducible rational curve of bidegree (2, 1) that has
contact with Q at q of order 2, so q is the only base point of this pencil. Then we have
a cylinder P1 × P1 \ (T ∪Q ∪ R). We denote its isomorphic preimage in Y by Vi,j.
The same construction for T ′ yields another cylinder V ′i,j ⊂ Y .
6. Collections
Definition 6.1. Given an open subset U ⊂ Y , which complement consists of compo-
nents D1, . . . , Dn, we define the polarity cone Pol(U) = Cone(D1, . . . , Dn). Then U is
H-polar for any divisor H from rel. int.(Pol(U)).
Given a collection U of open subsets of Y , we define the polarity cone via
Pol(U) =
⋂
U∈U
Pol(U).
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Let D1, . . . , Dn be the irreducible curves in Y \
⋃
U∈U U . We define the forbidden cone
via
Forb(U) = Cone(D1, . . . , Dn).
Then U is H-complete for any H /∈ Forb(U).
6.2. Let us introduce the collections
U1 = {U1, U
′
1},
U2 = {U6, U
′
6},
U3 = {V5,6, V
′
5,6},
U4 = {V5,6, V
′
5,6, V6,5, V
′
6,5},
U5 = {V5,6, V
′
5,6, V4,6, V
′
4,6}.
If the tangent line in our construction of one or more cylinders passes through a con-
tracted point, then the polarity cone of such cylinder might become only bigger, and
the forbidden cones of considered collections do not change. Thus, we assume that no
tangent line passes through a contracted point. Then their polarity cones are
Pol(U1) =Cone(E1, . . . , E6, Q1, L− E1),
Pol(U2) =Cone(E1, . . . , E6, Q6, L− E6),
Pol(U3) =Cone(E1, E2, E3, E4, L5,6, Q5, L− E5, L− E6),
Pol(U4) =Cone(E1, E2, E3, E4, L5,6, Q5, L− E5, L− E6)
∩ Cone(E1, E2, E3, E4, L5,6, Q6, L−E5, L− E6),
Pol(U5) =Cone(E1, E2, E3, E4, L5,6, Q5, L− E5, L− E6)
∩ Cone(E1, E2, E3, E5, L4,6, Q4, L−E4, L− E6).
Their forbidden cones are
Forb(U1) =Cone(E1, . . . , E6, Q1),
Forb(U2) =Cone(E1, . . . , E6, Q6),
Forb(U3) =Cone(E1, E2, E3, E4, L5,6, Q5),
Forb(U4) =Cone(E1, E2, E3, E4, L5,6),
Forb(U5) =Cone(E1, E2, E3).
Proposition 6.3. Collections U1, . . . ,U5 are transversal.
Proof. Consider a pair of cylinders Ui, U
′
i for any i. Any fiber of Ui meets all fibers of
U ′i and vice versa. Thus, U1 and U2 are transversal.
The same holds for a pair Vi,j, V
′
i,j for any i, j. Thus, U3 is transversal.
Finally, a union of transversal collections of open subsets is transversal. Thus, U4 are
U5 are also transversal. 
Lemma 6.4. Let A,B be two rational polyhedral cones in Qn for some n ∈ N. Assume
that A ⊂ B and there exists a ∈ A that belongs to rel. int.(B). Then rel. int.(A) ⊂
rel. int.(B).
Proof. Denote the generating vectors of A by a1, . . . , ar and of B by b1, . . . , bs. Consider
an arbitrary x ∈ rel. int.(A). Then
(1) ai can be expressed as a linear combination of b1, . . . , bs with non-negative co-
efficients,
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(2) a can be expressed as a linear combination of b1, . . . , bs with positive coefficients,
and
(3) x can be expressed as a linear combination of a1, . . . , ar, a with positive coeffi-
cients.
Substituting such expressions for a1, . . . , ar, a into an expression for x, we obtain a
linear combination of b1, . . . , bs with positive coefficients that equals x. Thus, x ∈
rel. int.(B). 
Proposition 6.5. Consider an ample Q-divisorH from rel. int.(C), where C ∈ {B1, . . . , B6}.
Then U1 is an H-complete collection of H-polar subsets.
Proof. Since −K ≡ Q1 + (L− E1), all generators of C belong to Pol(U1). Since
rel. int.(Pol(U1)) ∋
6∑
i=1
Ei + 4Q1 + (L−E1) ≡ 9L− 3
6∑
i=2
Ei ≡ 3(−K + E1) ∈ C,
rel. int.(Pol(U1)) ⊃ rel. int.(C) by Lemma 6.4. Thus, U1 consists of H-polar cylinders.
The cone Forb(U1) contains no ample divisor classes, since D · E1 ≤ 0 for any D ∈
Forb(U1). Thus, U1 is H-complete. 
Proposition 6.6. Consider an ample Q-divisor H from rel. int.(C5). Then U2 is an
H-complete collection of H-polar subsets.
Proof. Since −K ≡ Q6 + (L− E6), all generators of C belong to Pol(U2). Since
rel. int.(Pol(U2)) ∋
5∑
i=1
Ei+ 2E6 +Q6 +4(L−E6) ≡ 6L− 2E6 ≡ 2(−K +
5∑
i=1
Ei) ∈ C5,
rel. int.(Pol(U2)) ⊃ rel. int.(C5) by Lemma 6.4. Thus, U2 consists of H-polar cylinders.
The cone Forb(U2) contains no ample divisor classes, since D · E6 ≤ 0 for any D ∈
Forb(U2). Thus, U2 is H-complete. 
6.7. Denote
C ′4 = {H ∈ C4 | H · (L+ E5 − 2E6) = 0}.
It is the cone generated by E1, E2, E3, E4, and −K + 2(L− E6).
Proposition 6.8. Consider an ample Q-divisor H from rel. int.(C4) \ rel. int.(C4′).
Then U3 is an H-complete collection of H-polar subsets.
Proof. Since −K ≡ Q5 + (L− E5), all generators of C belong to Pol(U3). Since
rel. int.(Pol(U3)) ∋
4∑
i=1
Ei + L5,6 + 3Q5 + (L−E5) + (L−E6)
≡ 9L− 2
5∑
i=1
Ei − 5E6 ≡ 2(−K) + 3(L− E6) ∈ C4,
rel. int.(Pol(U3)) ⊃ rel. int.(C4) by Lemma 6.4. Thus, U3 consists of H-polar cylinders.
If H ∈ Forb(U3), then H · (L + E5 − 2E6) = 0 and H ∈ C
′
4, which contradicts our
assumption. Thus, U3 is H-complete. 
Proposition 6.9. Consider an ample Q-divisor H from rel. int.(C), where C equals
either B′5 or C
′
5. Then U4 is an H-complete collection of H-polar subsets.
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Proof. Since −K ≡ Q5 + (L − E5) ≡ Q6 + (L − E6), all generators of C belong to
Pol(U4). Since
rel. int.(Pol(U4)) ∋
4∑
i=1
Ei + L5,6 +Q5 + 3(L−E5) + 2(L− E6)
≡
4∑
i=1
Ei + L5,6 +Q6 + 2(L−E5) + 3(L− E6)
≡ 8L− 4E5 − 4E6 ≡ 2(−K +
4∑
i=1
Ei + L5,6) ∈ C,
rel. int.(Pol(U4)) ⊃ rel. int.(C) by Lemma 6.4. Thus, U4 consists of H-polar cylinders.
The cone Forb(U4) contains no ample divisor classes, since D · E1 ≤ 0 for any D ∈
Forb(U4). Thus, U4 is H-complete. 
Proposition 6.10. Consider an ample Q-divisor H from rel. int.(C), where C equals
one of the cones C ′4, C3, C2, C1, C0. Then U5 is an H-complete collection of H-polar
subsets.
Proof. Since −K ≡ Q5 + (L − E5) ≡ Q4 + (L − E4), all generators of C belong to
Pol(U5). Since
rel. int.(Pol(U5)) ∋
4∑
i=1
Ei + L5,6 + 3Q5 + (L−E5) + 2(L− E6)
≡
3∑
i=1
Ei + E5 + L4,6 + 3Q4 + (L− E4) + 2(L− E6)
≡ 10L− 2
5∑
i=1
Ei − 6E6 ≡ 2(−K + 2(L−E6)) ∈ C,
rel. int.(Pol(U5)) ⊃ rel. int.(C) by Lemma 6.4. Thus, U5 consists of H-polar cylinders.
The cone Forb(U5) contains no ample divisor classes, since D · E6 ≤ 0 for any D ∈
Forb(U5). Thus, U5 is H-complete. 
Theorem 6.11. Let Y be a smooth del Pezzo surface of degree 3, and H be a very
ample divisor on Y which is not linearly equivalent to −dKY for any d ∈ Q. Then the
group SAut(X) of the affine cone X = AffConeH Y acts on X with an open orbit.
Proof. By Proposition 4.3, one may assume that H belongs to the relative interior of
one of cones B1, . . . , B6, B
′
5, C0, . . . , C5, C
′
5. By Propositions 6.5, 6.6, 6.8, 6.9, and 6.10,
Y admits an H-complete collection of H-polar cylinders, which is also transversal by
Proposition 6.3. By Theorem 2.4, X contains an open SAut(X)-orbit. 
Corollary 6.12. The affine cone over a smooth del Pezzo surface of degree 3 polarized
by a very ample non-plurianticanonical divisor is flexible in codimension one.
Proof. The statement follows from [1, Corollary 1.10 and Theorem 2.2]. 
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